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INVARIANT ALMOST COMPLEX GEOMETRY ON FLAG MANIFOLDS: GEOMETRIC
FORMALITY AND CHERN NUMBERS
LINO GRAMA, CAIO J.C. NEGREIROS AND AILTONR. OLIVEIRA
ABSTRACT. In the first part of this paper we study geometric formality for generalized
flag manifolds, including full flag manifolds of exceptional Lie groups. In the second
part we deal with the problem of the classification of invariant almost complex struc-
tures on generalized flag manifolds using topological methods.
1. INTRODUCTION
In this paperwe study geometric formality and classificationof almost complex struc-
tures on generalized flag manifolds (or Kähler C-spaces). This class of homogeneous
spaces is defined taking the quotient G/P of a complex simple non-compact Lie group
G by the normalizer of a parabolic sub-algebra p of the Lie algebra g= Lie(G). Equiva-
lently, a generalized flag manifold is defined asU/K , whereU is the maximal compact
sub-group ofG and K = P∩U is a centralizer of a torus. It is well known that generalized
flagmanifolds have a rich Riemannian and Hermitian geometry (see for instance [6]).
In the first part of this paper we study the problem of geometric formality for gener-
alized flagmanifolds. On a general Riemannian manifold, wedge products of harmonic
forms are not usually harmonic. But there are some examples where this does happen,
like compact globally symmetric spaces. Motivated by examples of closed surfaces of
genus ≥ 2 (in this case there are non-trivial harmonic 1-form for any metric, but every
1-form has zeros), Kotschick in [11] introduced the notion of geometrically formalman-
ifolds: a smooth manifold is geometrically formal if it admits a Riemannian metric for
which all exterior products of harmonic forms are harmonic.
Classical examples of geometrically formal manifolds are compact symmetric spaces
and Stiefel manifolds (real, complex, quaternionic and octonionic). Geometric formal-
ity implies the formality in the sense of Sullivan, and in fact it is more restrictive. For
instance, in [12] Kotschick-Terzic´ proved that all generalized symmetric spaces of com-
pact simple Lie groups are formal in the sense of Sullivan, and that many of them are
not geometrically formal.
Regarding non-geometric formality on flag manifolds the following examples are al-
ready known: full flagmanifoldsG/T whereG is a classical Lie group (SU (n),SO(n),Sp(n))
orG =G2 ([12]); the family of generalized flagmanifolds SU (n+2)/S(U (n)×U (1)×U (1))
([13]); Wallach flag manifolds with positive sectional curvature ([2]).
Our first result proves the non-geometric formality for full flag manifolds associated
to exceptional Lie groups. Since these Lie groups complete the list of compact simple
Lie groups, one can state the following result:
Theorem. The full flag manifolds G/T , with G compact simple Lie groups are not geo-
metrically formal.
We also provide a large family of examples of non-geometrically formal flag mani-
folds (for details, see Section 7).
This researchwas supported by CNPq grant 476024/2012-9 and Fapesp grant no. 2012/18780-0. LG is also
supported by Fapesp grant no. 2014/17337-0.
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In the secondpart of the paper, we studyChernnumbers of invariant almost complex
structures on generalized flag manifolds. The classification of Hermitian structures on
full flag manifolds was carried out by San Martin-Negreiros in [18]. In [19] San Martin-
Silva study the invariant Nearly-Kähler structures on flag manifolds. We remark that in
both works cited above, the Lie theoretical methods was used in a crucial way. On other
hand, the classification of invariant Hermitian structures on generalized flag manifolds
remain an open problem. Therefore, it is a natural question to classify the invariant
almost complex structures (or more generally Hermitian structures) on generalized flag
manifolds.
In this work we use characteristic classes in order to classify these invariant almost
complex structures in some flag manifolds. More precisely, using the Chern numbers
joint with a classical result due to Borel-Hirzebruch we obtain in some cases the clas-
sification of such invariant almost complex structures (up to conjugation and equiva-
lence).
Theorem. The following generalized flag manifolds
SU (6)/S(U (1)×U (2)×U (3)),
SU (7)/S(U (1)×U (2)×U (4)),
SU (8)/S(U (1)×U (2)×U (5)),
SU (8)/S(U (1)×U (3)×U (4))
have precisely 4 invariant almost complex structures up to conjugation and equivalence;
3 of them are integrable and the fourth is non-integrable.
We also obtain the classification of invariant almost complex structures for the infin-
ity family of flagmanifolds SU (3n)/S(U (n)×U (n)×U (n)):
Theorem. The family of generalized flag manifolds SU (3n)/S(U (n)×U (n)×U (n)) has
two invariant almost complex structures, up to conjugation and equivalence: one is an
integrable structure and the other is non-integrable.
With respect to other Lie groups, we obtain a partial classification for several gener-
alized flagmanifolds of the classical Lie groups SO(n),Sp(n) and for the exceptional Lie
groupG2, see sections 8.1, 8.2, 8.3 and 8.4 for more details.
2. GENERALIZED FLAG MANIFOLDS AND k-SYMMETRIC SPACES
2.1. Generalized flag manifolds. Let g be a complex semi-simple Lie algebra and h be
a Cartan sub-algebra of g. Denote byΠ the set of roots of the pair (g,h) and consider the
decomposition
g= h⊕
∑
α∈Π
gα,
where gα = {X ∈ g : ∀H ∈ h, [H ,X ] = α(H)X } is the complex root space (with complex
dimension one).
The Cartan-Killing form on g is given by
〈X ,Y 〉 = tr(ad(X )ad(Y ))
and its restriction to h is non-degenerated. Given α ∈ h∗, we define Hα by α(·)= 〈Hα, ·〉
and hR = spanR{Hα :α ∈Π}.
We fix aWeyl basis of g, that is, Xα ∈ gα such that ifβ 6= −α, 〈Xα,Xβ〉 = 0, 〈Xα,X−α〉 = 1
and [Xα,Xβ] =mα,βXα+β, withmα,β ∈ R,m−α,−β =−mα,β andmα,β = 0 if α+β is not a
root.
Let Π+ ⊂Π be a set of positive roots, Σ the corresponding set of simple roots and Θ
a subset of Σ. We fix the following notation: 〈Θ〉 is the set of the roots spanned by Θ,
ΠM = Π \ 〈Θ〉 is the set of complementary roots and Π
+
M
is the set of complementary
positive roots.
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Let
pΘ = h⊕
∑
α∈〈Θ〉+
gα⊕
∑
α∈〈Θ〉+
g−α⊕
∑
β∈Π+
M
gβ
be a parabolic sub-algebra g determined byΘ.
Definition 2.1. A generalized flag manifold FΘ associated to g and Θ is the homoge-
neous space
FΘ =G/PΘ,
whereG is a complex Lie group with Lie algebra g and PΘ is the normalizer of pΘ onG.
Let u be a compact real form of g andU = exp(u). We have
u= spanR{ihR,Aα, i Sα;α∈Π},
where Aα = Xα−X−α and Sα = Xα+X−α.
Let kΘ be the Lie algebra of KΘ :=PΘ∩U . By construction KΘ ⊂U is the centralizer of
a torus ofG. We denote by kC
Θ
the complexified Lie algebra kΘ = u∩pΘ, that is,
kC
Θ
= h⊕
∑
α∈〈Θ〉+
gα⊕
∑
α∈〈Θ〉+
g−α.
SinceU is compact and acts transitively on FΘ, we have
FΘ =G/PΘ =U/(PΘ∩U )=U/KΘ.
IfΘ=;, we have
pΘ = p= h⊕
∑
β∈Π+
gβ
is a minimal parabolic sub-algebra (that is, a Borel sub-algebra) of g and
F=G/B =U/T
is called full flagmanifold, whereB is a Borel subgroup and T =B∩U is amaximal torus
ofU .
2.2. The isotropy representation. We denote by x0 = eKΘ the origin of the flag mani-
fold.
Since FΘ =U/KΘ is a reductive homogeneous space, the Lie algebra ofU decomposes
into
u= kΘ⊕mΘ
with
Ad(k)mΘ ⊆mΘ,∀k ∈KΘ.
The canonical projection pi :U → FΘ =U/KΘ induces an isomorphim between mΘ
and Tx0FΘ. In some cases we write justm insteadmΘ.
The isotropy representation identifieswith Ad(k) |mΘ :mΘ −→mΘ and it is completely
reducible, that is,
mΘ =m1⊕m2⊕·· ·⊕mn ,
where eachmi is an indecomposable and non-equivalent sub-representation (or equiv-
alently, irreducible and non-equivalent kΘ-sub-modules).
The description of the irreducible sub-modules is given in the following way:
Consider the following sub-algebras: h= hC∩ ιk and t= Z (kC)∩ ιh. Then kC = tC⊕k′
C
,
where k′
C
is the semi-simple part of kC.
We consider the restriction map
κ : h∗ −→ t∗
α 7−→ α|t.
Definition 2.2. The elements of RT := κ(ΠM ) are called T -roots.
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Theorem 2.3 ([4]). There exists a 1-1 correspondence between T -roots ξ and irreducible
ad(kC)-modulesmξ, given by
RT ∋ ξ←→mξ =
∑
κ(α)=ξ
gα.
These sub-modules are non-equivalent as kC-modules.
Therefore a decomposition ofmC into irreducible ad(kC)-modules is given by
mC =
∑
ξ∈RT
mξ.
We observe that the complex conjugation τ of gC, interchanges the root spaces gα
and g−α, and consequently interchangesmξ andm−ξ. We have the following decompo-
sition
m=
∑
ξ∈R+
T
(mξ+m−ξ)
τ,
where R+
T
= κ(R+) denote the set of positive T -roots, and nτ denotes the set of the fixed
points of τ in a vector sub-space n⊂ gC.
2.3. k-symmetric spaces. Let (M ,g ) be aRiemannianmanifold and x ∈M . An isometry
of (M ,g ) with isolated fixed point x is called a symmetry of (M ,g ) at x.
Definition 2.4. Assume that (M ,g ) admits a set {sx : x ∈ M} of symmetries. We call
{sx : x ∈M} of a Riemannian k-symmetric structure on (M ,g ) if, for x, y ∈M we have:
sx ◦ sy = sz ◦ sx , (z = sx (y))
(sx )
k = id , (sx )
k 6= id (l < k).
Then (M ,g ) with a Riemannian k-symmetric structure is called a k-symmetric space.
Let M = G/K be a homogeneous space with origin o = eK (trivial coset) and g be
a G-invariant Riemannian metric. We call the pair (M ,g ) a Riemannian homogeneous
space.
Given an automorphism θ ofG we defineGΘ to be the set of fixed points of θ andGΘ0
the connected component of the identity.
Proposition 2.5. Suppose that exist an automorphismΘ of G such that
• GΘ0 ⊆H ⊆G
Θ;
• Θk = 1 andΘl 6= 0 for any l < k;
• Let s be the transformation of M defined by pi ◦Θ = s ◦pi. Then s preserves the
metric at o.
Then {sx = g ◦s◦g
−1 : x = g .o ∈M} define a Riemannian k-symmetric structure on (M ,g ).
Remark 2.6. We remark that if k = 2, G/K is called symmetric space. In general k-
symmetric spaces are also called generalized symmetric spaces.
The next Proposition, proved by Tojo in [21] (see also Burstall-Rawnsley [9]), shows
that every generalized flag manifold is a k-symmetric space. This result will be very
useful in this work.
Proposition 2.7 ([21]). Let M =G/K be a generalized flag manifold. Then G/K admits
an invariant complex structure J such that (G/K , J ,g ) has an Hermitian m-symmetric
structure for each G-invariant Riemannianmetric g .
Thenext Lemmagives an important information about the cohomology of k-symmetric
spaces.
Lemma 2.8 ([12]). Let G/K and G/L k-symmetric spaces with G a compact simple Lie
group, K ⊂ L and rk(K )= rk(L). Then the homogeneous fibration G/K −→G/L with fiber
L/K has the following property: the restriction map from the total space to the fiber is
surjective in cohomology ring.
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3. INVARIANT ALMOST COMPLEX STRUCTURES
Definition 3.1. An almost complex structure on the flagmanifold FΘ is a tensor J
Θ such
that for each point x ∈ FΘ we have an endomorphism J
Θ : TxFΘ −→ TxFΘ satisfying
(JΘ)2 =−Id .
Definition 3.2. AnU -invariant almost complex structure JΘ on FΘ =U/KΘ is given by
JΘux = dEu J
Θ
uxdEu−1 , for each u ∈U ,
where dEu :T (U/KΘ)→T (U/KΘ) is the differential of the left action at u ∈U , that is, for
each X ∈ Tx (U/KΘ) we have
dEu J
Θ
x X = J
Θ
uxdEuX .
AU -invariant almost complex structure JΘ on FΘ is completely determined by J
Θ :
mΘ→mΘ, wheremΘ is the tangent space at the origin of FΘ.
Proposition 3.3. There is a 1-1 correspondence between invariant almost complex struc-
tures JΘ and linear maps JΘx0 on Tx0FΘ that commute with the isotropy representation,
that is,
AdU/KΘ(k)JΘx0 = J
Θ
x0
AdU/KΘ (k), for all k ∈KΘ.
Therefore an invariant almost complex structure JΘ satisfies (JΘ)2 = −1 and com-
mutes with the adjoint action of kΘ on mΘ. Moreover J
Θ(gα) = gα, for each α ∈ Π. The
eigenvalues of JΘ are±i and the eigenvectors are Xα, α∈Π.
Hence JΘ(Xα) = iεαXα, being εα = ±1 with εα = −ε−α. In this way we obtain a de-
scription of an invariant almost complex structure on FΘ: they are completely described
by a set of signs
{εα, with εα =±1, α ∈Π\ 〈Θ〉, such that εα =−ε−α}.
By simplicitywewill denote an invariant almost complex structure just by J . As usual,
we denote by T 1,0M the eigenspace of J associated to the eigenvalue +i .
Definition 3.4. An almost complex structure J on a differential manifold M is said a
complex structure (or integrable) if its distribution T 1,0M is integrable. The pair (M , J ) is
called a complex manifold.
Two complex structures J1 and J2 on M are equivalent if the complex manifolds
(M , J1) and (M , J2) are biholomorphic, that is, if there exists a holomorphic map φ :
(M , J1)→ (M , J2) with holomorphic inverse.
The next three results due to Borel-Hirzebruch concerning to invariant almost com-
plex structure are very useful in this work.
Proposition 3.5 ([7],13.4). Let M =G/K be an almost complex manifold and m =m1⊕
m2⊕ ·· · ⊕ms be a decomposition of the tangent space at the origin into irreducible and
non-equivalent sub-modules of the isotropy representation. Then M admits 2s invariant
almost complex structures.
If we identify conjugated structures, then M admits 2s−1 invariant almost complex
structures, up to conjugation.
A root system is said to be closed if, for every complementary rootsα and β such that
α+β is a root, α+β is again a complementary root.
The next lemma provides a useful criteria to determine when an invariant almost
complex structure is integrable.
Lemma 3.6 ([7], 13). An invariant almost complex structure is integrable if there exist an
order on the coordinates of the Cartan sub-algebra such that the corresponding comple-
mentary root system is positive and closed.
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The next proposition tell us when two invariant complex structures on flagmanifolds
are equivalent.
Proposition 3.7 ([7], 13). Let J1 and J2 be two invariant complex structures on G/K .
Assume that there exist an automorphism of the Cartan sub-algebra h of g that send the
root system associated to J1 onto the root system associated to J2 and keep fixed the root
system of K .
Then these two invariant complex structures are equivalent under an automorphism
of G that keep K fixed.
4. FORMALITY IN THE SENSE OF SULLIVAN
A commutative differential graduated algebra (A,d) is called formal if it is weakly
equivalent to the cohomology algebra (H(A,Q),0), that is, there exist a sequence of
quasi-isomorphism (morphism of commutative differential graduated algebras that in-
duce isomorphism in cohomology) in the following way
(A,d)
≃
−→ ···
≃
−→ ···
≃
−→ ···
≃
−→ (H(A,Q),0).
A differential manifold is formal (in the sense of Sullivan) if their de Rham algebra
of differential forms and the cohomology algebra (with the zero-differential) are weakly
equivalent. For us, formal manifoldsmean formal in the sense of Sullivan.
An important source of examples of formality in the sense of Sullivan are the k-
symmetric spaces.
Theorem4.1 ([12], teo. 7). Each k-symmetric space of a compact Lie groups is formal in
the sense of Sullivan.
Since generalized flag manifolds are k-symmetric (see Proposition 2.7), every gener-
alized flagmanifolds are formal in the sense of Sullivan.
5. GEOMETRIC FORMALITY
Let M be a compact oriented differential manifold, g a Riemannian metric on M
and Ωk (M) the complex of degree k differential forms on M . Therefore the de Rham
complex is the following sequence of differential operators
0→Ω0(M)
d0
→Ω
1(M)
d1
→ ...
dn−1
→ Ω
n (M)
dn
→ 0,
where dk denote the exterior derivative on Ω
k (M). The de Rham cohomology is the
sequence of vector spaces defined by
Hk (M ,R)=
ker (dk )
Im(dk−1)
.
We define the adjoint of the exterior derivative δ called co-differential as follows:
for each α ∈Ωk (M) and β ∈Ωk+1(M), δ is given by
〈dα,β〉k+1 = 〈α,δβ〉k ,
where 〈 , 〉 is the metric induced in Ωk (M). The Laplacian acting on forms is defined by
∆= dδ+δd and is called Laplace-Beltrami operator.
Definition 5.1. The space of k-harmonic forms is defined by
H
k
∆
(M)= {α∈Ωk (M);∆(α)= 0}.
We remark that a form ω is harmonic if it is closed and co-closed, that is, dω= 0 and
δω= 0.
Theorem 5.2. (Hodge) Each de Rham cohomology class of a compact oriented differen-
tiable manifold has unique harmonic representative.
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Given a Riemannian manifold (M ,g ), the wedge product of harmonic forms is not
harmonic in general.
Sullivan in [20] proved that there exists topological obstructions to a Riemannian
manifold admits a metric such that the wedge product of harmonic form is harmonic.
This motivated the following definition.
Definition 5.3 (Kotschick, [11]). A Riemannian metric is called (metrically) formal if
every wedge product of harmonic forms is harmonic. A smooth manifold is called geo-
metrically formal if it admit a formal Riemannian metric.
Examples of geometrically formalmanifolds are the compact globally symmetric spaces
and spheres. The cartesian product of geometrically formalmanifolds (with the product
metric) is again geometrically formal.
Other examples of geometrically formal manifolds are (see [14] for details): HP2 =
Sp(3)/(Sp(2)×Sp(1)), OP2 = F4/Spin(9), G2/SO(4), real Stiefel manifolds V4(R
2n+1) =
SO(2n+1)/SO(2n−3),n ≥ 3 and V3(R
2n)= SO(2n)/SO(2n−3),n ≥ 3.
Geometric formality implies in the formality in the sense of Sullivan. In [12] one can
find examples ofmanifolds that are formal in the sense of Sullivan but not geometrically
formal.
Clearly the problem of finding formal metric is a question in Riemannian geome-
try. On the other hand the existence of a formal metric implies in a restriction on the
topology ofM .
In this work we will proceed a careful analysis in the cohomology ring on a given
homogeneous space in order to find topological obstruction to existence of the formal
metric.
From this topological approachwe cite [12]. In this work Kotschick and Terzic´ proved
that full flagsmanifolds of the classical Lie groups SU (n), SO(2n), SO(2n), Sp(n) and the
full flag manifold of the exceptional Lie groupG2, do not admit any formal metric.
We will prove that the full flag manifolds of the exceptional Lie groups E6,E7,E8 and
F4 do not admit any formal metric.
6. GEOMETRIC FORMALITY FOR FULL FLAG MANIFOLDS
Kotschick and Terzic´ have shown in [12] that full flagmanifolds associated to the sim-
ple Lie groups SU (n), SO(2n+1), Sp(n), SO(2n) and G2 are not geometrically formal.
In this section we will show that the full flag manifold associated to F4, E6, E7 and E8
is not geometrically formal too. This will give a complete understanding of geometric
formality on full flag manifolds of simple Lie groups, according the Cartan-Killing clas-
sification.
Let us recall some results about the cohomology structure of full flag manifolds of
classical Lie groups.
Proposition 6.1 ([12]). The class represented by
(6.1) x
α1
1 x
α2
2 · · ·x
αn
n , 0≤αi ≤ i , 1≤ i ≤n,
form a basis for the cohomology of SU (n+ 1)/T n as a vector space. The multiplicative
relations between the x1, · · · ,xn are given by:
(6.2)
∑
i1+···+ip=n−p+2
x
ip−1
n−p+1x
ip−1
n−p+2 · · ·x
i2
n−1x
i1
n = 0, 1≤ p ≤ n.
Lemma 6.2 ([12]). Let M be a differentiable manifold of dimension n2+n, with n ≥ 2.
Suppose there are n closed 2-forms, x1, · · · ,xn on M satisfying relations (6.2). Then ω =
x1∧ x
2
2 ∧·· ·∧ x
n
n vanishes identically. In particular,ω is not a volume form on M.
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Proposition 6.3 ([12]). The classes represented by
x
α1
1 x
α2
2 · · ·x
αn
n , 0≤αi ≤ 2i −1, 1≤ i ≤n,
form a vector space basis for the cohomology ring of Spin(2n+1)/T n and Sp(n)/T n . The
multiplicative relations between x1, · · · ,xn are given by
(6.3)
∑
i1+···+ip=n−p+1
x
2ip
n−p+1x
2ip−1
n−p+2 · · ·x
2i2
n−1x
2i1
n = 0, 1≤ p ≤n.
Lemma 6.4 ([12]). Let M be differentiable manifold of dimension 2n2, with n ≥ 2. Sup-
pose that there are n closed 2-forms x1, · · · ,xn on M satisfying the relations (6.3). Then
ω= x1∧ x
3
2 ∧·· ·∧ x
2n−1
n vanishes identically. In particular,ω is not a volume form on M.
We now proof the main theorem of this section.
Theorem6.5. The full flag manifolds F4/T , E6/T , E7/T and E8/T are not geometrically
formal, where T represents the maximal torus for each corresponding Lie group.
Proof. Wewill proof the Theorem analyzing case by case.
(1) In this way, we start proving that the flag manifold F4/T is not geometrically
formal.
Let us consider the following fibration
Spin(9)/T −→ F4/T −→ F4/Spin(9).
According to the Leray-Hirsch’s Theorem we have
H∗(F4/T,R)∼=H
∗(Spin(9)/T,R)⊗H∗(F4/Spin(9),R).
Since F4/T and Spin(9)/T are k-symmetric spaces, Lemma 2.8 implies that the
restriction to the fiber is surjective in real cohomology.
Suppose that F4/T is geometrically formal.
We now use the basis x1,x2,x3,x4 for the cohomology of Spin(9)/T given
in the Proposition 6.3. Abusing of the notation we denote by x1,x2,x3,x4 the
harmonic representatives of the cohomology classes x1,x2,x3,x4 on F4/T with
respect to a formal metric. Therefore the relations (6.3) hold for these harmonic
forms.
If we restrict these forms to the fiber, using Lemma 6.4 we have that x1∧x
3
2∧
x53 ∧ x
7
4 vanishes identically and this contradicts the Lemma 2.8.
(2) The flagmanifold E6/T is not geometrically formal.
We consider the following fibration
SU (6)/T 5 −→ E6/T
6
−→E6/SU (6)×U (1).
Using Leray-Hirsch’s Theorem we have
H∗(E6/T,R)∼=H
∗(SU (6)/T,R)⊗H∗(E6/SU (6)×U (1),R).
Since E8/T and E6/SU (6)×U (1) are k-symmetric spaces, Lemma 2.8 implies
that the restriction to the fiber is surjective in real cohomology.
Suppose that E6/T is geometrically formal.
We use the basis x1 , · · · ,x5 for the cohomology of SU (6)/T given in the Propo-
sition 6.1. Abusing of the notation we denote by x1, · · · ,x5 the harmonic repre-
sentatives of the cohomology classes x1, · · · ,x5 on E6/T with respect to a formal
metric. Therefore the relations (6.2) hold for these harmonic forms.
If we restrict these forms to the fiber SU (6)/T , Lemma 6.2 implies that the
form x1∧ x
2
2 ∧ x
3
3 ∧ x
4
4 ∧ x
5
5 vanishes identically and this contradicts the Lemma
2.8.
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(3) The flagmanifold E7/T is not geometrically formal.
Let us consider the following fibration
SU (7)/T 6 −→ E7/T
7
−→E7/SU (7)×U (1).
By Leray-Hirsch’s Theorem we have
H∗(E7/T
7,R)∼=H
∗(SU (7)/T 6,R)⊗H∗(E7/SU (7)×U (1),R).
Since E7/T
7 and E7/SU (7)×U (1) are k-symmetric spaces Lemma 2.8 implies
that the restriction to the fiber is surjective in real cohomology.
Suppose that E7/T is geometrically formal.
We use the basis x1 , · · · ,x6 for the cohomology of SU (7)/T given in the Propo-
sition 6.1. Abusing of the notation we denote by x1, · · · ,x6 the harmonic repre-
sentatives of the cohomology classes x1, · · · ,x6 on E7/T with respect to a formal
metric. Therefore the relations (6.2) hold for this harmonic forms.
If we restrict these forms to the fiber SU (7)/T , Lemma 6.2 implies that the
form x1∧x
2
2∧x
3
3∧·· ·∧x
6
6 vanishes identically and this fact contradicts the Lemma
2.8.
(4) The flagmanifold E8/T is not geometrically formal.
Let us consider the following fibration
SU (8)/T 7 −→ E8/T
8
−→E8/SU (8)×U (1).
By Leray-Hirsch’s Theorem we have
H∗(E8/T,R)∼=H
∗(SU (8)/T,R)⊗H∗(E8/SU (8)×U (1),R).
SinceE8/T andE8/SU (8)×U (1) are k-symmetric spaces Lemma2.8 implies that
the restriction to the fiber is surjective in real cohomology.
Suppose that E8/T is geometrically formal.
We use the basis x1,x2, · · · ,x7 for the cohomology of SU (8)/T given in the
Proposition 6.1. Abusing of the notation we denote by x1,x2, · · · ,x7 the har-
monic representatives of the cohomology classes x1 , · · · ,x7 onE8/T with respect
to a formal metric. Therefore the relations (6.2) hold for these harmonic forms.
If we restrict these forms to the fiber SU (8)/T , Lemma 6.2 implies that the
form x1∧x
2
2∧x
3
3∧·· ·∧x
7
7 vanish identically and this fact contradicts the Lemma
2.8.

In [12], Kotschick and Terzic´ proved that full flag manifolds of classical Lie groups
and the full flag manifold of the exceptional Lie groupG2 are not geometrically formal.
Therefore, together with the results of Kotschick and Terzic´ we have completed the list
of full flag manifolds of compact simple Lie groups. We summarize this fact in the next
Corollary:
Corollary6.6. Let G be a connected, compact, simple Lie group, T amaximal torus in G.
The correspondent full flag manifold G/T is not geometrically formal.
7. NON GEOMETRIC FORMALITY ON OTHER HOMOGENEOUS SPACE
In this sectionwe proof the non-geometric formality for several homogeneous space,
including homogeneous space of exceptional Lie groups.
Proposition 7.1. The generalized flag manifold FD (3;1,2)= SO(6)/U (2)×U (1) is not ge-
ometrically formal.
Proof. The cohomology ring of FD (3;1,2) is given by
H∗(FD (3;1,2),R)=
R[x, y,z]
〈s1, s2,e3〉
,
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where s1 = x
2+ y2+ z2, s2 = x
4+ y4+ z4 and e3 = xyz.
A Gröbner basis for the ideal 〈s1, s2,e3〉 is
b1 = x
2+ y2+ z2, b4 = y
3z+ yz3,
b2 = xyz, b5 = z
5.
b3 = y
4+ y2z2+ z4,
Therefore we can consider the cohomology ring represented in the following way
H∗(FD (3;1,2),R)=
R[x, y,z]
〈b1,b2,b3,b4,b5〉
.
Now y2z3− yz4 generates the top-dimensional class H10(FD (3;1,2),R).
Suppose FD (3;1,2) is geometrically formal.
By Theorem 5.2 and abusing of the notation we still denote by x, y,z the harmonic
representatives of the cohomology classes x, y,z ∈H2(FD (3;1,2),R).
Using the relations b′
i
s and geometric formality we have that y2z3− yz4 is a volume
form on FD (3;1,2).
Given a 2-form α, we denote by Nα = {v ∈ TFD (3;1,2) : ivα= 0} - the kernel distribu-
tion of α. Since the generators (2-forms) y,z satisfy z5 = y5 = 0 and dimFD (3;1,2) = 10
it implies that the kernel distribution Ny and Nz has rank at least 2. Therefore we can
choose locally linearly independent vector fields v ∈ Ny and w ∈ Nz . Note that by rela-
tion b4 we have
(7.1) y3z+ yz3 = 0=⇒ y3z2+ yz4 = 0=⇒ y3z2 =−yz4.
Moreover, for any v ∈Ny and w ∈Nz we have
iw (iv (y
4+ y2z2+ z4)) = iw (y
2∧ (iv z
2)+ iv z
4)
= (iw y
2)∧ (iv z
2)+ y2∧ iw (iv z
2)+ iw (iv z
4)
= 4(iw y)∧ y ∧ (iv z)∧ z,
and we get
(7.2) (iw y)∧ y ∧ (iv z)∧ z = 0.
Using (7.1) and (7.2) we obtain
iw iv (y
3z3− yz4) = iw iv (y
2z3+ y3z2)
= iw (y
2∧ (iv z
3)+ y3∧ (iv z
2))
= (iw y
2)∧ (iv z
3)+ y2∧ iw (iv z
3)+ (iw y
3)∧ (iv z
2)+ y3∧ iw (iv z
2)
= 2(iw y)∧ y ∧3(iv z)∧ z
2+3(iw y)∧ y
2∧2(iv z)∧ z
= 6((iw y)∧ y ∧ (iv z)∧ z)∧ z+6((iw y)∧ y ∧ (iv z)∧ z)∧ y
= 0,
and this contradicts the fact that y2z3− yz4 = y2z3+ y3z2 is a volume form; therefore
SO(6)/U (1)×U (2) can not be geometrically formal. 
The next Proposition describes the cohomology ring of the generalized flagmanifold
F(n+2;n,1,1) = SU (n+2)/S(U (n)×U (1)×U (1)).
Proposition 7.2 ([13]). The cohomology ring of F(n + 2;n,1,1) is generated by two ele-
ments x and y of degree 2 such that
(7.3) xn+2 = 0
and
(7.4)
(x+ y)n+2− xn+2
y
= 0.
The generators x and y can be described as follow: consider the fibration
p : F(n+2;n,1,1)→CPn+1
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given by the projectivization of the tangent bundle of CPn+1. Then x = p∗(H) denote the
pullback of the hyperplane class and y denote the tautological class on the total space,
restricting to the hyperplane class on every fiber.
Moreover, the relation 7.4 can be rewritten as
(7.5) yn+1+c1y
n
+·· ·+cn+1 = 0,
where the ci are the pullbacks to the total space of the Chern classes of the base.
Kotschick and Terzic´ have proved that the family F(n+2;n,1,1) is not geometrically
formal (see [13]). In the next Proposition we analyse the geometric formality of the fam-
ily of flagmanifolds F(n+3;n,1,1,1).
Proposition 7.3. The family of generalized flag manifolds F(n + 3;n,1,1,1) = SU (n +
3)/S(U (n)×U (1)3) are not geometrically formal.
Proof. Consider the following fibration
F(n+2;n,1,1) −→ F(n+3;n,1,1,1) −→CPn+2.
Since the basis and the total space of such fibration are k-symmetric spaces, Lemma
2.8 tell us that all cohomology classes of F(n+2;n,1,1) are restrictions of cohomology
class of F(n+3;n,1,1,1).
According to Proposition 7.2, H∗(F(n+2;n,1,1),R) is generated by two elements x, y
in degree 2 with relations
(7.6) xn+2 = 0 and
(x+ y)n+2− xn+2
y
= 0.
According to Leray-Hirsch’s Theorem,H∗(F(n+3;n,1,1,1),R) is aH∗ (CPn+2,R)-module
generated by x, y .
Weuse thebasis ofH∗(F(n+2;n,1,1),R) givenby x and z = x+y inH2(F(n+2;n,1,1),R).
Suppose that F(n+3;n,1,1,1) is geometrically formal.
Using Theorem 5.2 we can identify x,z with their harmonic representatives (we use
the same y,z to denote the harmonic forms). On F(n+3,n,1,1,1), x and z satisfy xn+2 =
zn+2 = 0 and xn+1 6= 0 6= zn+1, that is, rk(x)= rk(z)= 2n+2.
The rank of the kernel of x is dim(F(n+3;n,1,1,1))− rk(x) = 6n+6−2n−2 = 4n+4.
Analogously the rank of the kernel of z is 4n+4.
Since the codimension of the fiber is
dim(F(n+3;n,1,1,1))−dim(F(n+2;n,1,1)) = 6n+6−4n−2 = 2n+4,
the restriction of x and z to the fiber has a kernel of rank 2n.
Now rewritten 7.5 in terms of x and z we obtain
(7.7) zn+1+ xzn + x2zn−1+·· ·+ xnzn + xn+1 = 0.
Contacting the equation 7.7 with a local basis for the kernel of x, {v1, · · · ,v2n} we have
(7.8) iv1 · · · iv2n z
n+1
+ x∧ iv1 · · · iv2n z
n
= 0.
Now contracting 7.8 withw in the kernel of z we have
(7.9) iwx∧ iv1 · · · iv2n z
n
= 0.
and therefore
(7.10) iw iv1 · · · iv2n x
n+1zn = 0.
Hence the restriction of xn+1zn to F(n+2;n,1,1) vanishes identically and this con-
tradicts the Lemma 2.8, finishing the proof. 
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Our next result shows that a large class of SU (n)-generalized flag manifolds do not
admit any formal metrics. We introduce the following notation:
FL(n)=
SU (n)
S(U (n1)×U (n2)×·· ·×U (nk )×U (1)
m)
, n =n1+·· ·+nk +m, m 6= 0 and m ≥ 2,
and
B(n)=
SU (n)
S(U (n1+2)×U (n2)×·· ·×U (nk )×U (1)
m−2)
.
Theorem7.4. The family FL(n) is not geometrically formal.
Proof. The proof is very similar to the proof of Proposition 7.3. Assume that FL(n) is
geometrically formal. Now consider the fibration
F(n+2;n,1,1) −→ FL(n)−→B(n)
and use the cohomology description of the fiber given by Proposition 7.2 and Leray-
Hirsch’s Theorem in order to get an contradiction. We omit the details.

Actually, we can produce several examples of non-geometrically formal examples us-
ing the same techniques above (description of the cohomology of fiber, Leray-Hirsch’s
Theorem, etc.). For instance, we can use the fibration
(7.11)
SU (3)
T 2
−→
E6
SU (3)×U (1)4
−→
E6
SU (3)2×U (1)2
in order to proof that E6/(SU (3)×U (1)
4) is not geometrically formal. We summarize
this in the next result, exhibiting a list of homogeneous space that are not geometrically
formal (including several examples of homogeneous space of exceptional Lie groups).
Theorem7.5. The homogeneous spaces listed in the Table 1 are not geometrically formal.
Proof. We will give the details just for the manifold E6/(SU (3)×U (1)
4). Consider the
fibration (7.11). Since the basis and the total space of such fibration are k-symmetric
spaces, Lemma 2.8 tell us that all cohomology classes of SU (3)/T 2 are restrictions of
cohomology class of E6/(SU (3)×U (1)
4).
By Leray-Hirsch’s Theorem we have:
H∗
(
E6
SU (3)×U (1)4
,R
)
∼=H
∗
(
SU (3)
T 2
,R
)
⊗H∗
(
E6
SU (3)2×U (1)2
,R
)
.
Consider the cohomology ring of SU (3)/T 2 given by Proposition 6.1. Suppose that
E6/(SU (3)×U (1)
4) is geometrically formal. Using Theorem 5.2 we can identify x1,x2
with their harmonic representatives (we use the same x1,x2 to denote the harmonic
forms with respect to the formal metric). Therefore the relations (6.2) hold for these
harmonic forms. If we restrict these forms to the fiber SU (3)/T 2, Lemma 6.2 implies
that the form x1∧ x
2
2 vanish identically and this fact contradicts the Lemma 2.8.

8. CHERN NUMBERS ON GENERALIZED FLAG MANIFOLDS
8.1. Generalizedflagmanifolds of the classical Lie group SU (n).
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TABLE 1. Homogeneous spaces non-geometrically formal.
SO(2n+5)/(U (n)×U (1)2) Sp(2n+2)/(U (n)×U (1)2)
E6/(SU (3)×U (1)
4) E6/(SU (2)×U (1)
5)
E6/(SU (3)×SU (2)×U (1)
3) E6/(SU (2)
2×U (1)4)
E7/(SU (3)×U (1)
5) E7/(SU (4)×U (1)
3)
E7/(SU (2)
2×U (1)5) E7/(SU (2)
3×U (1)4)
E7/(SU (3)×SU (2)×U (1)
4) E7/(SU (5)×U (1)
3)
E7/(SU (4)×SU (2)×U (1)
3) E8/(SU (2)×U (1)
6)
E8/(SU (3)×U (1)
5) E8/(SU (3)×SU (2)×U (1)
4)
E8/(SU (5)×U (1)
3) E8/(SU (2)
2×U (1)5)
E8/(SU (4)×U (1)
4) E8/(SU (2)
3×U (1)4)
E8/(SU (4)×SU (2)×U (1)
3) F4/(SU (2)×U (1)
3)
SO(2n+4)/U (n)×U (1)2
8.1.1. The generalized flag manifolds with 3 isotropy summands. Recall the notation
about generalized flagmanifold
F(n;n1 ,n2,n3)= SU (n)/S(U (n1)×U (n2)×U (n3)),
where n = n1+n2+n3.
The isotropy representationof F(n;n1 ,n2,n3) splits into 3 isotropy summands. There-
fore F(n;n1,n2,n3) admits 4 invariant almost complex structures, up to conjugation:
J1 = (+,+,+) J3 = (+,+,−)
J2 = (−,+,+) J4 = (+,−,+).
In the next proposition we obtain a complete description of almost complex struc-
tures on several generalized flag manifolds. This is done computing the Chern number
cn1 where n is the complex dimension of the manifold.
Proposition 8.1. The following generalized flag manifolds
M dim (real) χ(M)
F(6;1,2,3) 22 60
F(7;1,2,4) 28 105
F(8;1,2,5) 34 168
F(8;1,3,4) 38 280
have precisely four invariant almost complex structures up to conjugation and equiv-
alence; three of them are integrable and the one is non-integrable.
Proof. We will proof the proposition just for F(7;1,2,4). To the other manifolds, the
proof are similar. The Cartan sub-algebra h of su(n) is given by
h= {diag(x1, · · · ,x7) : x1+·· ·+ x7 = 0}.
According lemma 3.6, the invariant almost complex structures J1, J2 and J3 are in-
tegrable and J4 is not integrable. In fact, by analyzing irreducible summands of the
isotropy representation and theWeyl chamber of h one can order the coordinates of the
Cartan sub-algebra of (F(7;1,2,4), J1), (F(7;1,2,4), J2) and (F(7;1,2,4), J3) in the following
way:
J1: x1 > x2 > x3 > x4 > x5 > x6 > x7;
J2: x2 > x3 > x1 > x4 > x5 > x6 > x7;
J3: x1 > x4 > x5 > x6 > x7 > x2 > x3.
On the other hand there is no ordering on the coordinates of (F(7;1,2,4), J4). In fact,
the manifold (F(7;1,2,4), J4) have the following roots:
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x1− x2 > 0, x1− x3 > 0, x1− x4 < 0, x1− x5 < 0, x1− x6 < 0, x1− x7 < 0, x2− x4 > 0 and
x2− x5 > 0.
In this way, x1 > x2, x2 > x4, but x4 > x1, that is, x1 > x2 > x4 > x1, and this is a
contradiction.
The cohomology ring of F(7;1,2,4) is given by:
H∗(F(7;1,2,4),R) =
R[x1,x2,x3,x4,x5,x6,x7]
〈e1,e2,e3,e4,e5,e6,e7〉
,
where ek = x
k
1 + x
k
2 + x
k
3 + x
k
4 + x
k
5 + x
k
6 + x
k
7 .
The class x2x3x
3
4x
3
5x
3
6x
3
7 ∈H
28(F(7;1,2,4),R) generates the topdimensional cohomol-
ogy class, where c14 = 105x2x3x
3
4x
3
5x
3
6x
3
7 .
Computing the Chern number c141 to the four invariant almost complex structures,
we have
TABLE 2.
J1 = (+,+,+) J2 = (−,+,+) J3 = (+,+,−) J4 = (−,+,−)
c141 4169710642825728 3967580897280000 5340215200320000 68881612800
Since the Chern numbers computed in the table 2 are distinct for the 4 invariant
complex structures we conclude that these structures are not equivalent.

Remark 8.2. We list in the next table the relevant Chern numbers used in the proof of
the proposition 8.1.
M cn
1
J1 = (+,+,+) J2 = (−,+,+) J3 = (+,+,−) J4 = (−,+,−)
F(6;1,2,3) c111 -166320000000 187110000000 -156539053440 0
F(8;1,2,5) c171 -207657272688465600000 -199318721129508524544 303212843288789930496 1250749500000000
F(8;1,3,4) c191 301923064586776419730944 262989979268101525440000 347992057571330652480000 363738375000000000
Proposition 8.3. The 16-dimensional generalized flag manifold F(5;1,2,2) has 3 invari-
ant almost complex structures, up to conjugation and equivalence: two of them are inte-
grable and non-equivalent and third is non-integrable.
Proof. We first remark that the almost complex structures J1, J2 and J3 are integrable
and J4 is non-integrable. In fact, one can ordering the coordinates of the Cartan sub-
algebra of (M1, J1), (M1, J2) and (M1, J3) in the following way:
J1 : x1 > x2 > x3 > x4 > x5,
J2 : x2 > x3 > x1 > x4 > x5,
J3 : x1 > x4 > x5 > x2 > x3.
By Lemma 3.6, we conclude that J1, J2 and J3 are integrable. On the other hand, the
almost complex structure J4 is not integrable since there is not exist an ordering com-
patible with J4 on the coordinates x1,x2,x3,x4,x5 such that the roots are positive.
Nowwewill prove that the complex structures J1 and J3 are equivalent. Consider the
following map:
f : h⊂ A4 → h⊂ A4
diag(x1,x2,x3,x4,x5) 7→ diag(x1,x4,x5,x2,x3).
The map f is an automorphism of h that sends the root system of J1 into root system of
J3 and fixes the root system of S(U (1)×U (2)×U (2)). By Proposition 3.7 follow that J1
and J3 are equivalent.
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The cohomology ring of F(5;1,2,2) is given by
H∗(F(5;1,2,2),R) =
R[x1,x2,x3,x4,x5]
〈e1,e2,e3,e4,e5〉
,
where ek = x
k
1 + x
k
2 + x
k
3 + x
k
4 + x
k
5 .
We can conclude the proof analyzing the Chern numbers of F(5;1,2,2) listed in the
Table 3.

TABLE 3. Chern numbers of F(5;1,2,2)
J1 = (+,+,+) J2 = (−,+,+) J3 = (−,+,−) J4 = (+,+,−)
c8 30 30 30 30
c81 15805440 14696640 2240 15805440
c61c2 7579680 7085880 760 7579680
c51c3 2262960 2143260 220 2262960
c41c4 459990 444690 210 459990
c41c
2
2 3637010 3419010 290 3637010
c31c5 66510 65610 90 66510
c31c2c3 1087270 1035720 180 1087270
c21c6 7020 7020 60 7020
c21c
3
2 1746170 1650870 110 1746170
c21c
2
3 325940 314640 360 325940
c21c2c4 221430 215280 140 221430
c1c7 540 540 60 540
c1c
2
2c3 522690 500790 70 522690
c1c2c5 32070 31770 10 32070
c1c3c4 66660 65610 230 66660
c42 838840 797640 40 838840
c22c4 106660 104260 60 106660
c2c6 3390 3390 10 3390
c2c
2
3 156880 152280 40 156880
c3c5 9690 9690 -30 9690
c24 13730 13730 130 13730
Remark 8.4. We now apply the Hirzebruch-Riemann-Roch Theorem. Since the arith-
metic genus coincides with the Todd genus we have∑8
q=0(−1)
qh0,q = (1/3628800)(−3c8 −3c
8
1 +24c
6
1c2−50c
4
1c
2
2 +8c
2
1c
3
2
+ 21c42 −14c
5
1c3+26c
3
1c2c3+50c1c
2
2c3+3c
2
1c
2
3
− 8c2c
2
3 +14c
4
1c4−19c
2
1c2c4−34c
2
2c4−13c1c3c4+5c
2
4
− 7c31c5−16c1c2c5+3c3c5+7c
2
1c6+13c2c6+3c1c7).
IfM is a smooth manifold with a complex structure J we have (cf. [7], [13])
8∑
q=0
(−1)qh0,q = 1.
Therefore
3628800 = −3c8−3c
8
1 +24c
6
1c2−50c
4
1c
2
2 +8c
2
1c
3
2
+ 21c42 −14c
5
1c3+26c
3
1c2c3+50c1c
2
2c3+3c
2
1c
2
3
− 8c2c
2
3 +14c
4
1c4−19c
2
1c2c4−34c
2
2c4−13c1c3c4+5c
2
4
− 7c31c5−16c1c2c5+3c3c5+7c
2
1c6+13c2c6+3c1c7.
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The next theorem classify the almost complex structures in the family F(3n;n,n,n) =
SU (3n)/S(U (n)×U (n)×U (n)) .
Theorem8.5. The family of generalized flag manifolds F(3n;n,n,n) = SU (3n)/S(U (n)×
U (n)×U (n)) has two invariant almost complex structures, up to conjugation and equiv-
alence: one is an integrable structure and the other is non-integrable.
Proof. The Cartan sub-algebra h of su(n) is given by
h= {diag(x1, · · · ,x3n ) : x1+·· ·+ x3n = 0}.
The isotropy representation F(3n;n,n,n) decomposes into three isotropic summands:
m1 = u1,n+1⊕·· ·⊕u1,2n · · ·un,n+1⊕·· ·⊕un,2n ,
m2 = u1,2n+1⊕·· ·⊕u1,3n · · ·un,2n+1⊕·· ·⊕un,3n ,
m3 = un+1,2n+1⊕·· ·⊕un+1,3n · · ·u2n,2n+1⊕·· ·⊕u2n,3n ,
with ui j = su(3n)∩ (gi j ⊕g j i ), where gi j is the (complex) root space associated to the
root αi j = xi − x j of sl(3n.C)= (su(3n))
C.
According to proposition 3.5, F(3n;n,n,n) admits four invariant almost complex struc-
tures, up to conjugation:
J1 = (+,+,+) J2 = (−,+,+)
J3 = (+,+,−) J4 = (+,−,+).
By lemma 3.6, the structures J1, J2 and J3 are integrable. In fact, by analyzing irreducible
summands of the isotropy representation and the Weyl chamber of h we consider the
following order for the coordinates on the Cartan sub-algebra:
J1 : x1 > ·· · > xn > xn+1 > ·· · > x2n > x2n+1 > ·· · > x3n ,
J2 : xn+1 > ·· · > x2n > x1 > ·· · > xn > x2n+1 > ·· · > x3n ,
J3 : x1 > ·· · > xn > x2n+1 > ·· · > x3n > xn+1 > ·· · > x2n .
But there no exist anordering to coordinates on theCartan sub-algebra of (F(3n;n,n,n), J4 )
where the roots are positive, hence J4 is not integrable. We now proof:
Claim: J1, J2 and J3 are equivalent.
We being proving that J1 and J2 are equivalent. We consider the map g : h−→ h given
by
g (x1, · · · ,xn ,xn+1 · · · ,x2n ,x2n+1, · · ·x3n)= (xn+1, · · · ,x2n ,x1, · · · ,xn ,x2n+1, · · · ,x3n ).
The map g is an automorphism of h that sends the root system of J1 onto the root
system of J2 and keep fixed the root system of S(U (n)×U (n)×U (n)).
In the same way, one can prove that J1 and J3 are equivalent: just consider the fol-
lowing automorphism f of given by
f (x1, · · · ,xn ,xn+1 · · · ,x2n ,x2n+1, · · ·x3n )= (x1, · · · ,xn ,x2n+1, · · · ,x3n ,xn+1, · · · ,x2n ),
this way we conclude the proof. 
Remark 8.6. The invariant complex structure on F(3n;n,n,n) described in the propo-
sition 8.5 is compatible with the invariant Kahler-Einstein metric described by Arvani-
toyeorgos in [3].
8.1.2. The full flagmanifold F(4)= SU (4)/T . Consider the 12-dimensional full flagman-
ifold F(4)= SU (4)/T with Euler characteristic 24.
According to [17] a Cartan sub-algebra h of su(4) is given by
h= {diag(x, y,z,w) : x+ y + z+w = 0, x, y,z,w ∈C}.
The isotropy representation of F(4) admits six isotropic summands, that is,
m = m1⊕m2⊕m3⊕m4⊕m5⊕m6
= u12⊕u13⊕u14⊕u23⊕u24⊕u34,
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where ui j = su(4)∩(gi j ⊕g j i ), and gi j is a complex root space associated to the rootαi j .
By proposition 3.5 the flag manifold F(4) admits 25 = 32 invariant almost complex
structures up to conjugation. According to [16], F(4) admits exactly 4 invariant almost
complex structures, up to conjugation and equivalence:
J = (+,+,+,+,+,+) I1 = (+,+,+,−,+,−)
I2 = (+,+,−,+,+,+) I3 = (−,+,+,−,+,+),
where J is integrable and I1, I2 and I3 are not integrable.
The cohomology ring of F(4) is given by
H∗(F(4),R)=
R[x, y,z,w]
〈e1,e2,e3,e4〉
,
where ek = x
k + yk + zk +wk , with x, y,z,w in degree 2 and k = 1,2,3,4.
The Chern numbers of F(4) are in the table 4.
TABLE 4. Chern numbers of F(4)
J I1 I2 I3
c61 = 46080 c
6
1 = 0 c
6
1 = 0 c
6
1 = 0
c41c2 = 23040 c
4
1c2 = 0 c
4
1c2 = 0 c
4
1c2 = 0
c21c
2
2 = 11520 c
2
1c
2
2 = 0 c
2
1c
2
2 = 0 c
2
1c
2
2 = 0
c31c3 = 7360 c
3
1c3 = 384 c
3
1c3 =−64 c
3
1c3 = 384
c32 = 5760 c
3
2 = 0 c
3
2 = 0 c
3
2 = 0
c1c2c3 = 3680 c1c2c3 = 192 c1c2c3 =−32 c1c2c3 = 192
c21c4 = 1600 c
2
1c4 = 384 c
2
1c4 =−64 c
2
1c4 = 384
c23 = 1168 c
2
3 = 144 c
2
3 =−16 c
2
3 = 144
c2c4 = 800 c2c4 = 192 c2c4 =−32 c2c4 = 192
c1c5 = 240 c1c5 = 144 c1c5 =−96 c1c5 = 144
c6 = 24 c6 = 24 c6 =−24 c6 = 24
The Hirzebruch-Riemann-Roch Theorem provides the following relations between
theChern numbers on the flagmanifold (F(4), J ), where J is invariant complex structure,
60480 = 2c6−2c1c5−9c2c4−5c
2
1c4−c
2
3 +11c1c2c3+5c
3
1c3
+ 10c32 +11c
2
1c
2
2 −12c
4
1c2+2c
6
1 .
8.1.3. The full flagmanifold F(5)= SU (5)/T . Consider the 20-dimensional full flagman-
ifold F(5)= SU (5)/T with Euler characteristic 120.
According [17] a Cartan sub-algebra h of su(5) is given by
h= {diag(x, y,z,w,u) : x+ y + z+w +u = 0, x, y,z,w,u ∈C}.
The isotropic representation of F(5) admits 10 isotropic summands, that is,
m = m1⊕m2⊕m3⊕m4⊕m5⊕m6⊕m7⊕m8⊕m9⊕m10
= u12⊕u13⊕u14⊕u15⊕u23⊕u24⊕u25⊕u34⊕u35⊕u45,
where ui j = su(5)∩(gi j ⊕g j i ), and gi j is a complex root space associated to the rootαi j .
By proposition 3.5, F(5) admits 29 = 512 invariant almost complex structures, up to
conjugations. According [16], F(5) admits precisely 12 invariant almost complex struc-
tures, up to conjugation and equivalence:
J = (+,+,+,+,+,+,+,+,+,+) I1 = (−,+,+,+,−,+,+,+,+,+)
I2 = (−,+,+,+,−,+,+,−,+,+) I3 = (+,+,+,+,−,+,+,−,+,+)
I4 = (+,+,+,+,+,+,+,−,+,−) I5 = (+,+,+,+,−,+,+,−,+,−)
I6 = (+,+,+,−,+,+,+,+,+,+) I7 = (+,+,+,−,+,+,+,−,+,−)
I8 = (+,+,+,−,+,+,−,+,+,+) I9 = (−,+,+,−,−,+,−,+,+,+)
I10 = (+,+,+,−,−,+,+,−,+,+) I11 = (−,−,+,+,−,−,+,−,−,−),
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where J is the canonical invariant almost complex structure (integrable).
The cohomology ring of F(5) is given by
H∗(F(5),R)=
R[x, y,z,w,u]
〈e1,e2,e3,e4,e5〉
,
where ek = x
k + yk + zk +wk +uk with x, y,z,w,u in degree 2 and k = 1,2,3,4,5. .
The Chern numbers of F(5) with the respective invariant almost complex structure
are in the tables 5 and 6.
8.2. Generalized flag manifolds of the classical Lie group SO(2n). In this section we
will study the almost complex geometry of several flag manifolds of the classical Lie
group SO(2n). We call this manifolds of flag manifolds of Dl type. We will compute the
Chern numbers of the invariant almost complex structures and use these numbers in
order to distinguish them. In some cases, these numbers provide a complete classifica-
tion of such structures, up to conjugation and equivalence.
8.2.1. The flag manifold FD (3;1,2) = SO(6)/U (1)×U (2). Consider the 10-dimensional
flagmanifold FD (3;1,2)= SO(6)/U (1)×U (2) with Euler characteristic χ(FD (3;1,2))= 12.
We will use a set of T−roots given by Definition 2.2 and the Proposition 2.3 in order
to describe the irreducible isotropic summands of FD (3;1,2).
The Cartan sub-algebra of h of so(6) is given by
(8.1) h=
(
Λ
−Λ
)
, where Λ= {diag(x, y,z) : x, y,z ∈C},
and complementary positive roots are:
Π
+
= {x+ y,x+ z, y + z,x− y,x− z}.
Consider the sub-algebra t of h given by
t= {diag(d1,−d1,d2,−d2,d2,−d2)}.
The restriction of the complementary roots to the sub-algebra t is the set of T -roots:
RT = {±(d1+d2),±2d2,±(d1−d2)}.
Therefore,
m = m±(d1+d2)⊕m±2d2 ⊕m±(d1−d2)
= m1⊕m2⊕m3,
where, dimC(m1)= dimC(m3)= 2 and dimC(m2)= 1.
By proposition 3.5 FD (3;1,2) admits 4 invariant almost complex structures, up to
conjugation:
J1 = (+,+,+) J3 = (+,+,−)
J2 = (−,+,+) J4 = (+,−,+).
Using the same techniques as in the previous section one can check that J1, J3 and J4
are integrable.
The cohomology ring of FD (3;1,2) is given by
H∗(FD (3;1,2),R)=
R[x, y,z]
〈s1, s2,e3〉
,
where sk = x
2k + y2k + z2k and e3 = xyz, with x, y,z in degree 2 and k = 1,2.
The class 3(y2z3− yz4) is the top Chern class in H10(M ,R).
The Chen numbers of the almost complex manifolds (FD (3;1,2), Ji ), i = 1,2,3,4 are
in the table 7.
Proposition 8.7. The generalized flag manifold SO(6)/U (1)×U (2) admits at least 3 in-
variant almost complex structures up to equivalence and conjugation.
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TABLE 5. Chern numbers of F(5)
J I1 I2 I3 I4 I5
c101 3715891200 0 0 0 0 0
c81c2 1857945600 0 0 0 0 0
c71c3 610086400 5806080 -1236480 6881280 -1236480 5806080
c61c4 14560000 5806080 -1236480 6881280 -1236480 5806080
c51c5 26464000 2753280 -629760 3194880 -629760 2753280
c41c6 3744000 804480 -219520 890880 -219520 804480
c31c7 415200 157920 -56320 165120 -56320 157920
c21c8 36000 21120 -10720 21120 -10720 21120
c61c
2
2 928972800 0 0 0 0 0
c41c
3
2 464486400 0 0 0 0 0
c21c
4
2 232243200 0 0 0 0 0
c52 116121600 0 0 0 0 0
c41c
2
3 100160000 1908480 -416000 2273280 -416000 1908480
c1c
3
3 16442400 470880 -104640 564480 -104640 470880
c21c2c
2
3 50080000 954240 -208000 1136640 -208000 954240
c31c
2
2c3 152521600 1451520 -309120 1720320 -309120 1451520
c1c
3
2c3 76260800 725760 -154560 860160 -154560 725760
c22c
2
3 2504000 477120 -104000 568320 -104000 477120
c21c
2
4 5699200 456960 -106880 552960 -106880 456960
c2c
2
4 2849600 228480 -53440 276480 -53440 228480
c31c3c4 23899200 1182720 -261440 1413120 -261440 1182720
c1c9 2400 1920 -1440 1920 -1440 1920
c51c2c3 305043200 2903040 -618240 3440640 -618240 2903040
c31c2c5 13232000 1376640 -314880 1597440 -314880 1376640
c21c
2
2c4 36400000 1451520 -309120 1720320 -309120 1451520
c21c2c6 1872000 402240 -109760 445440 -109760 402240
c21c3c5 43424400 493920 -117600 577920 -117600 493920
c1c2c7 207600 78960 -28160 82560 -28160 78960
c41c2c4 72800000 2903040 -618240 3440640 -618240 2903040
c1c
2
2c5 661600 688320 -157440 798720 -157440 688320
c1c2c3c4 11949600 591360 -130720 706560 -130720 591360
c1c3c6 614000 138000 -39200 153600 -39200 138000
c1c4c5 1034400 149760 -38880 178560 -38880 149760
c2c8 18000 10560 -5360 10560 -5360 10560
c32c4 18200000 7257760 -154560 860160 -154560 725760
c22c6 936000 201120 -54880 222720 -54880 201120
c2c3c5 2171200 246960 -58800 288960 -58800 246960
c3c7 68040 26520 -9880 27720 -9880 26520
c23c4 3922400 232320 -52640 280320 -52640 232320
c4c6 146000 37440 -11760 42240 -11760 37440
c25 187360 39360 -11840 46560 -11840 39360
c10 120 120 -120 120 -120 120
By Hirzebruch-Riemann-Roch Theorem we have
5∑
q=0
(−1)qh0,q = (1/1440)(−c1c4+c
2
1c3+3c1c
2
2 −c
3
1c2).
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TABLE 6. Chern numbers of F(5) - continuation
I6 I7 I8 I9 I10 I11
c101 0 0 0 0 0 0
c81c2 0 0 0 0 0 0
c71c3 -573440 0 53760 -17920 53760 -17920
c61c4 -573440 0 53760 -17920 53760 -17920
c51c5 -335360 0 19200 -6400 19200 -6400
c41c6 -129280 -10240 2560 1280 2560 1280
c31c7 -34240 -10240 1120 1760 1120 1760
c21c8 -6400 -4480 1120 800 1120 800
c61c
2
2 0 0 0 0 0 0
c41c
3
2 0 0 0 0 0 0
c21c
4
2 0 0 0 0 0 0
c52 0 0 0 0 0 0
c41c
2
3 -161280 -20480 20480 -2560 20480 -2560
c1c
3
3 -33600 -9600 5280 1440 5280 1440
c21c2c
2
3 -80640 -10240 10240 -1280 10240 -1280
c31c
2
2c3 -143360 0 13440 -4480 13440 -4480
c1c
3
2c3 -71680 0 6720 -2240 6720 -2240
c22c
2
3 -40320 -5120 5120 -640 5120 -640
c21c
2
4 -17920 -20480 7040 1920 7040 1920
c2c
2
4 -8960 -10240 3520 960 3520 960
c31c3c4 -89600 -20480 13760 -320 13760 -320
c1c9 -960 -960 480 480 480 480
c51c2c3 -286720 0 26880 -8960 26880 -8960
c31c2c5 -167680 0 9600 -3200 9600 -3200
c21c
2
2c4 -143360 0 13440 -4480 13440 -4480
c21c2c6 -64640 -5120 1280 640 1280 640
c21c3c5 -45760 -9600 4800 640 4800 640
c1c2c7 -17120 -5120 560 880 560 880
c41c2c4 -286720 0 26880 -8960 26880 -8960
c1c
2
2c5 -83840 0 4800 -1600 4800 -1600
c1c2c3c4 -44800 -10240 6880 -160 6880 -160
c1c3c6 -17760 -4160 560 1520 560 1520
c1c4c5 -3840 -9600 2400 1440 2400 1440
c2c8 -3200 -2240 560 400 560 400
c32c4 -71680 0 6720 -2240 6720 -2240
c22c6 -32320 -2560 640 320 640 320
c2c3c5 -22880 -4800 2400 320 2400 320
c3c7 -4840 -2120 40 840 40 840
c23c4 -13440 -7040 2720 1760 2720 1760
c4c6 -1600 -2880 240 1360 240 1360
c25 -1760 -4320 800 1120 800 1120
c10 -120 -120 120 120 120 120
Since the cohomology ring of FD (3;1,2) is of type (p,p),
∑5
q=0(−1)
qh0,q = 1, it holds
the following relation between the Chern numbers:
1440=−c1c4+c
2
1c3+3c1c
2
2 −c
3
1c2.
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TABLE 7. Chern numbers of SO(6)/U (1)×U (2)
(+,+,+) (−,+,+) (+,+,−) (+,−,+)
c5 12 12 12 -12
c51 4500 -20 4860 -4500
c31c2 2148 -4 2268 -2148
c21c3 612 20 612 -612
c1c4 108 12 108 -108
c1c
2
2 1028 -4 1068 -1028
c2c3 292 4 292 -292
8.2.2. The flag manifold FD (4;1,3) = SO(8)/U (1)×U (3). Consider the 18-dimensional
flagmanifold FD (4;1,3)= SO(8)/U (1)×U (3)whose Euler characteristic is χ(FD (4;1,3))=
32.
The Cartan sub-algebra h of so(8) is
h=
(
Λ
−Λ
)
, where Λ= {diag(x, y,z,w) : x, y,z,w ∈C}.
The complementary roots are:
Π
+
= {x1+ x2,x1+ x3,x1+ x4,x2+ x3,x2+ x4,x3+ x4,x1− x2,x1− x3,x1− x4}.
Consider the sub-algebra t of h given by
t= {diag(d1,−d1,d2,−d2,d2,−d2,d2,−d2)}.
The restriction of the complementary roots to the sub-algebra t is the set of T -roots:
RT = {±(d1+d2),±2d2,±(d1−d2)}.
Therefore,
m = m±(d1+d2)⊕m±2d2 ⊕m±(d1−d2)
= m1⊕m2⊕m3.
By proposition 2.3,
m1 = gx1+x2 ⊕g−(x1+x2)⊕gx1+x3 ⊕g−(x1+x3)⊕gx1+x4 ⊕g−(x1+x4),
m2 = gx2+x3 ⊕g−(x2+x3)⊕gx2+x4 ⊕g−(x2+x4)⊕gx3+x4 ⊕g−(x3+x4),
m3 = gx1−x2 ⊕g−(x1−x2)⊕gx1−x3 ⊕g−(x1−x3)⊕gx1−x4 ⊕g−(x1−x4),
and dimC(m1)= dimC(m2)= dimC(m3)= 3.
According to proposition 3.5 FD (4;1,3) admits 4 invariant almost complex structures
up to conjugation, namely,
J1 = (+,+,+) J3 = (+,+,−)
J2 = (−,+,+) J4 = (+,−,+).
The cohomology ring of FD (4;1,3) is
H∗(FD (4;1,3),R)=
R[x, y,z,w]
〈s1, s2, s3,e4〉
,
where sk = x
2k+ y2k+z2k+w2k and e4 = xyzw , with x, y,z,w in degree 2 and k = 1,2,3.
The Chern numbers of the almost complex structures (FD (4;1,3), Ji ) are in the table
8.
Proposition 8.8. The generalized flag manifold SO(8)/U (1)×U (3) admit at least 2 in-
variant almost complex structures up to conjugation and equivalence.
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TABLE 8. Chern numbers of SO(8)/U (1)×U (3)
(+,+,+) (−,+,+) (+,+,−) (+,−,+)
c9 32 32 32 32
c1c8 -96 96 96 0
c2c7 -786 786 786 -6
c21c7 -1632 1632 1632 0
c3c6 -2958 2958 2958 6
c1c2c6 -9792 9792 9792 0
c31c6 -20352 20352 20352 0
c4c5 -5592 5592 5592 -24
c1c3c5 -26976 26976 26976 0
c22c5 -43128 43128 43128 -24
c21c2c5 -89856 89856 89856 0
c41c2c3 -2974464 2974464 2974464 0
c41c5 -187392 187392 187392 0
c1c
2
4 -37440 37440 37440 0
c2c3c4 -87138 87138 87138 -6
c21c3c4 -181728 181728 181728 0
c1c
2
2c4 -291168 291168 291168 0
c31c2c4 -608256 608256 608256 0
c51c4 -1271808 1271808 1271808 0
c33 -126800 126800 126800 48
c1c2c
2
3 -423936 423936 423936 0
c31c
2
3 -885888 885888 885888 0
c32c3 -679698 679698 679698 -6
c21c
2
2c3 -1421280 1421280 1421280 0
c61c3 -6230016 6230016 6230016 0
c1c
4
2 -2280960 2280960 2280960 0
c31c
3
2 -4776192 4776192 4776192 0
c51c
2
2 -10008576 10008576 10008576 0
c71c2 -20987904 20987904 20987904 0
c91 -44040192 44040192 44040192 0
Applying Hirzebruch-Riemann-Roch Theorem we have
∑9
q=0(−1)
qh0,q = (1/7257600)(−3c71 c2+21c
5
1c
2
2 −42c
3
1c
3
2 +26c
3
1c2c4+3c
6
1c3
− 13c21c3c4−3c
5
1c4+21c1c
4
2 −34c1c
2
2c4+5c1c
2
4 +3c
4
1c5
− 29c41c2c3+50c
2
1c
2
2c3+8c
3
1c
2
3 −8c1c2c
2
3 −16c
2
1c2c5+3c1c3c5
− 3c31c6+13c1c2c6+3c
2
1c7−3c1c8).
Since the cohomology of (FD (4;1,3), J ) (with J integrable) is of type (p,p),
∑9
q=0(−1)
qh0,q =
1 it holds the following relation between the Chern numbers:
7257600 = −3c71c2+21c
5
1c
2
2 −42c
3
1c
3
2 +26c
3
1c2c4+3c
6
1c3−13c
2
1c3c4−3c
5
1c4
+ 21c1c
4
2 −34c1c
2
2c4+5c1c
2
4 +3c
4
1c5−29c
4
1c2c3+50c
2
1c
2
2c3+8c
3
1c
2
3
− 8c1c2c
2
3 −16c
2
1c2c5+3c1c3c5−3c
3
1c6+13c1c2c6+3c
2
1c7−3c1c8.
8.2.3. The flag manifold FD (4;4) = SO(8)/U (4). Consider the 12-dimensional general-
ized flag manifold FD (4;4)= SO(8)/U (4) with Euler characteristic 8.
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According [17], a Cartan sub-algebra h of so(8) is given by
h=
(
Λ
−Λ
)
, where Λ= {diag(x, y,z,w) : x, y,z,w ∈C}.
The set of positive roots of FD (4;4) is
Π
+
= {x+ y,x+ z,x+w, y + z, y +w,z+w}.
Consider the following sub-algebra t of h given by
t= diag{d1,d1,d1,d1,−d1,−d1,−d1,−d1}.
The restriction of the rootsΠ to t is the set
RT = {±2d1}
and consequently the isotropy representation of FD (4;4) decompose in just one com-
ponent
m=m±(2d1),
that is, FD (4;4) is isotropically irreducible. Actually, FD (4;4) is a Hermitian symmetric
space.
According the proposition 3.5, FD (4;4) admits just one invariant almost complex
structure, up to conjugation.
Let us compute the Chern number of FD (4;4) = SO(8)/U (4) with respect to this in-
variant complex structure. Consider the cohomology ring
H∗(FD (4;4),R)=
R[x, y,z,w]
〈s1, s2, s3,e4〉
,
where sk = x
2k+ y2k+z2k+w2k and e4 = xyzw , with x, y,z,w in degree 2 and k = 1,2,3.
The Chern numbers of (SO(8)/U (4), J ), where J is the canonical complex structure,
are listed in the next table.
Chern numbers of (FD (4;4), J ) com J = (+)
c6 = 8 c1c5 = 144
c2c4 = 704 c
2
1c4 = 1584
c23 = 1152 c1c2c3 = 4608
c31c3 = 10368 c
3
2 = 8192
c21c
2
2 = 18432 c
4
1c2 = 41472
c61 = 93312
According to the Hirzebruch-Riemann-Roch Theorem the Chern numbers must sat-
isfy the relation:
∑5
q=1(−1)
5h0,q = (1/60480)(2c6 −2c1c5−9c2c4−5c
2
1c4−c
2
3 +11c1c2c3+5c
3
1c3
+ 10c32 +11c
2
1c
2
2 −12c
4
1c2+2c
6
1 ).
Therefore,
60480 = 2c6−2c1c5−9c2c4−5c
2
1c4−c
2
3 +11c1c2c3+5c
3
1c3
+ 10c32 +11c
2
1c
2
2 −12c
4
1c2+2c
6
1 .
8.3. Generalized flag manifolds of classical Lie groups SO(2n+1) and Sp(n). In this
section we compute the Chern numbers of some generalized flagmanifolds of the clas-
sical Lie groups SO(2n+1) and Sp(n).
24 LINO GRAMA, CAIO J.C. NEGREIROS AND AILTON R. OLIVEIRA
8.3.1. The flagmanifold FB (2;1,1)= SO(5)/T . Consider the full flagmanifold FB (2;1,1)=
SO(5)/T with real dimension 8 and Euler characteristic χ(FB (2;1,1)) = |WSO(5)| = 2
2.2 =
8, where |WSO(5)| is the order of the Weyl group of SO(5).
Let h=

 0 Λ
−Λ

, with Λ=
(
x
y
)
, be a Cartan sub-algebra of so(5).
Consider the following maps
λ1 :Λ= diag{x, y}−→ x and λ2 :Λ= diag{x, y}−→ y.
The roots of FB (2;1,1) are described as follow: α1 =λ1, α2 =λ2, α1−α2 =λ1−λ2 and
α1+α2 = λ1+λ2. Therefore the isotropy representation of FB (2;1,1) admits 4 isotropy
summands:
m = m1⊕m2⊕m3⊕m4
= g±α1 ⊕g±α2 ⊕g±(α1−α2)⊕g±(α1+α2).
By proposition 3.5, FB (2;1,1) has 2
3 = 8 invariant almost complex structures up con-
jugation. The canonical complex structure J is represented by J = (+,+,+,+).
The Chern classes of FB (2;1,1) are given by
c1(FB (2;1,1))= 3x+ y c2(FB (2;1,1))= 3xy −4y
2
c3(FB (2;1,1))=−2(xy
2+2y3) c4(FB (2;1,1))=−2xy
3.
The Chern numbers of FB (2;1,1) are given in the next table:
Chern numbers of (FB (2;1,1), J )
c41 =−384 c
2
2 =−96
c21c2 =−192 c4 =−8
c1c3 =−56.
The relations between the Chern numbers are given by the Hirzebruch-Riemann-
Roch Theorem
720 = −c4+c1c3+3c
2
2 +4c
2
1c2−c
4
1
= 8−56+3(−96)+4(−192)+384
= −1112+392
= 720.
8.3.2. The flagmanifold FB (3;3)= SO(7)/U (3). Let FB (3;3)= SO(7)/U (3) be a 12-dimensional
flagmanifold with Euler characteristic χ(FB (3;3))= 2
33!/3!= 23 = 8.
Let h=

 0 Λ
−Λ

, with Λ=

 x y
z

, be a Cartan sub-algebra of so(7).
Consider the linear functionals given by
λ1 :Λ= diag{x, y,z}−→ x,
λ2 :Λ= diag{x, y,z}−→ y,
λ3 :Λ= diag{x, y,z}−→ z.
The positive complementary roots of FB (3;3) are the following: α1 = λ1, α2 = λ2, α3 =
λ3, α4 =λ1+λ2, α5 =λ1+λ3 and α6 =λ2+λ3.
Let t be the sub-algebra defined by t =

 0 Λ
−Λ

, with Λ =

 d1 d1
d1

 .
The set of T-roots is given by,
RT = {±d1,±2d1}.
By proposition 2.3 we have
m = m1⊕m2
= m±2d1 ⊕m±d1 .
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By proposition 3.5, FB (3;3) admits 2 invariant almost complex structures, up to con-
jugation.
The cohomology ring of FB (3;3) is given by
H∗(FB (3;3),R)=
R[x, y,z]
〈s1, s2, s3〉
,
where sk = x
2k + y2k + z2k , with x, y,z in degree 2 and k = 1,2,3.
TheChern numbers of (FB (3;3), J ), where J is the canonical almost complex structure
are given by:
Chern numbers of (FB (3;3), J )
c1c5 = 144 c
2
1c
2
2 = 18432
c21c4 = 1584 c1c2c3 = 4608
c31c3 = 10368 c
3
2 = 8192
c41c2 = 41472 c2c4 = 704
c1c
2
2 = 6144 c
2
3 = 1152
c6 = 8
.
The relations between the Chern numbers are given by the Hirzebruch-Riemann-
Roch Theorem
60480 = 2c6−2c1c5−9c2c4−5c
2
1c4−c
2
3 +11c1c2c3+5c
3
1c3
+ 10c32 +11c
2
1c
2
2 −12c
4
1c2+2c
6
1
8.3.3. The flag manifold FC (2;1,1) = Sp(2)/T . Consider the 8-dimensional flag mani-
fold FC (2;1,1)= Sp(2)/T with Euler characteristic χ(FC (2;1,1))= |WSO(5)| = 2
2.2= 8.
Let h=
(
Λ
−Λ
)
, with Λ=
(
x
y
)
, be a Cartan sub-algebra of sp(2).
Consider the linear functionals
λ1 :Λ= diag{x, y}−→ x and λ2 :Λ= diag{x, y}−→ y.
The roots of FC (2;1,1) are given by: 2α1 = 2λ1, 2α2 = 2λ2,α1−α2 =λ1−λ2 andα1+α2 =
λ1+λ2. Therefore the isotropy representation of FC (2;1,1) admits 4 isotropy summands:
m = m1⊕m2⊕m3⊕m4
= g±2α1 ⊕g±2α2 ⊕g±(α1−α2)⊕g±(α1+α2).
By proposition 3.5 FC (2;1,1) admits 2
3 = 8 invariant almost complex structures, up to
conjugation. Let J be the canonical invariant complex structure, that is, J = (+,+,+,+).
Consider the cohomology ring of FC (2;1,1)
H∗(FC (2;1,1),R)=
R[x, y]
〈s1, s2〉
,
where sk = x
2k + y2k , with x, y in degree 2 and k = 1,2.
The Chern classes of FC (2;1,1) are given by
c1(M)= 4x+2y c2(M)= 8xy −6y
2
c3(M)=−4(xy
2+3y3) c4(M)=−8xy
3.
The Chern numbers of FC (2;1,1) are listed in the following table:
Chern numbers of (FC (2;1,1), J )
c41 =−384 c
2
2 =−96
c21c2 =−192 c4 =−8
c1c3 =−56.
.
Remark 8.9. Note that Chern numbers of SO(5)/T and Sp(2)/T are the same, but the
Chern classes of these twomanifolds are different.
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8.3.4. The flag manifold FC (3;1,1,1) = Sp(3)/T . Consider the 18-dimensional full flag
manifold FC (3;1,1,1) = Sp(3)/T with Euler characteristic χ(FC (3;1,1,1)) = 2
33!= 48.
Let h=
(
Λ
−Λ
)
, with Λ=

 x y
z

, be a Cartan sub-algebra of sp(3).
Consider the linear functionals given by
λ1 :Λ= diag{x, y,z}−→ x,
λ2 :Λ= diag{x, y,z}−→ y,
λ3 :Λ= diag{x, y,z}−→ z.
The roots of FC (3;1,1,1) are given by: 2α1 = 2λ1, 2α2 = 2λ2, 2α3 = 2λ3, α1−α2 =λ1−λ2,
α1−α3 =λ1−λ3,α2−α3 =λ2−λ3,α1+α2 =λ1+λ2,α1+α3 =λ1+λ3 andα2+α3 = λ2+λ3.
The isotropy representation of FC (3;1,1,1) admits 9 isotropy summands:
m = m1⊕m2⊕m3⊕m4⊕m5⊕m6⊕m7⊕m8⊕m9
= g±2α1 ⊕g±2α2 ⊕g±(2α3)⊕g±(α1−α2)⊕g±(α1−α3)⊕g±(α2−α3)
⊕ g±(α1+α2)⊕g±(α1+α3)⊕g±(α2+α3).
Therefore FC (3;1,1,1) admits 2
8 invariant almost complex structures up to conjugation.
Let us consider the canonical invariant almost complex structure J = (+,+,+,+,+,+,+,+,+)
and compute their Chern numbers.
The cohomology ring of FC (3;1,1,1) is given by
H∗(FC (3;1,1,1),R) =
R[x, y,z]
〈s1, s2, s3〉
,
where sk = x
2k + y2k + z2k , with x, y,z in degree 2 and k = 1,2,3.
The Chern numbers of FC (3;1,1,1) are listed in the table 9.
TABLE 9. Chern numbers of (Sp(3)/T, J ) J invariant complex structure
(+,+,+) (+,+,+)
c9 =−48 c1c
2
4 =−270208
c1c8 =−1056 c2c3c4 =−578480
c2c7 =−7696 c
2
1c3c4 =−1156960
c21c7 =−15392 c1c
2
2c4 =−1773504
c3c6 =−26096 c
3
1c2c4 =−3547008
c1c2c6 =−80272 c
5
1c4 =−7094016
c31c6 =−160544 c
3
3 =−807072
c4c5 =−46768 c1c2c
2
3 =−2473376
c1c3c5 =−201040 c
3
1c
2
3 =−4946752
c22c5 =−308544 c
3
2c3 =−3789792
c21c2c5 =−617088 c
2
1c
2
2c3 =−7579584
c41c2c3 =−15159168 c
6
1c3 =−30318336
c41c5 =−1234176 c1c
4
2 =−11612160
c31c
3
2 =−23224320 c
7
1c2 =−92897280
c51c
2
2 =−46448640 c
9
1 =−185794560.
The relations between the Chern numbers are given by the Hirzebruch-Riemann-
Roch Theorem:
7257600 = −3c71c2+21c
5
1c
2
2 −42c
3
1c
3
2 +26c
3
1c2c4+3c
6
1c3−13c
2
1c3c4−3c
5
1c4
+ 21c1c
4
2 −34c1c
2
2c4+5c1c
2
4 +3c
4
1c5−29c
4
1c2c3+50c
2
1c
2
2c3+8c
3
1c
2
3
− 8c1c2c
2
3 −16c
2
1c2c5+3c1c3c5−3c
3
1c6+13c1c2c6+3c
2
1c7−3c1c8.
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8.4. Generalized flag manifolds of the exceptional Lie group G2. We start with some
basic facts about the Lie algebra ofG2.
Consider the Cartan sub-algebra h of g2 as a sub-algebra of the diagonal matrix of
sl(3) and let λi be the functional of h defined by
λi : diag{a1,a2,a3} 7−→ ai .
The simple roots ofG2 areα1 =λ1−λ2 andα2 =λ2. The set of positive roots are given
by
Π
+
= {α1,α2,α1+α2,α1+2α2,α1+3α2,2α1+3α2}.
Themaximal root ofG2 isµ= 2α1+3α2. Formore details about the Lie algebra struc-
ture of g2 see [17]. Therefore we have three flag manifolds associated to the Lie group
G2:
(1) FG =G2/T , the full flag manifold. This manifold has 6 isotropy summands.
(2) FGα1 =G2/U (2) defined in terms of simple roots byΘ=Σ− {α1}. This flagmani-
fold has 2 isotropy summands;
(3) FGα2 =G2/U (2) defined in terms of simple roots by Θ=Σ− {α2}.This flag mani-
fold has 3 isotropy summands.
We will compute in the next sections the Chern numbers of (FG , J ) (where J is the
canonical invariant complex structure), FGα1 and FGα2 .
8.4.1. The full flag manifold FG = G2/T . Let us consider the 12-dimensional full flag
manifold FG =G2/T . The Euler characteristic of FG is χ(M) = |WG2 | = 12, where |WG2 | is
the order of the Weyl group ofG2.
The decomposition of the tangent space at the origin is given by
m = m1⊕m2⊕m3⊕m4⊕m5⊕m6
= gα1 ⊕gα2 ⊕gα1+α2 ⊕gα1+2α2 ⊕gα1+3α2 ⊕g2α1+3α2 .
According to proposition 3.5, FG admits 2
5 = 32 invariant almost complex structures up
to conjugation. Furthermore, FG has a canonical invariant complex structure compati-
ble with the Kähler-Einstein metric, see [5].
Let us compute the Chern numbers of (FG , J ), where J is the canonical invariant com-
plex structure.
The cohomology ring of FG :
H∗(FG ,R)=
R[x, y,z]
〈s1, s2, s3〉
,
where s1 = x+ y + z, s2 = x
2+ y2+ z2 and s3 = x
6+ y6+ z6.
In the next table we compute the Chern numbers of (FG , J ).
Chern numbers of (FG , J )
c6 = 12 c
6
1 = 46080
c1c5 = 192 c1c2c3 = 3632
c21c4 = 1504 c
2
1c
2
2 = 11520
c31c3 = 7264 c
4
1c2 = 23040
c2c4 = 752 c
2
3 = 1144
c32c2 = 5760
.
According to the Hirzebruch-Riemann-Roch Theorem the Chern numbers must sat-
isfy the following relations:
60480 = 2c6−2c1c5−9c2c4−5c
2
1c4−c
2
3 +11c1c2c3+5c
3
1c3
+ 10c32 +11c
2
1c
2
2 −12c
4
1c2+2c
6
1 .
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8.4.2. The flag manifold FGα2 = G2/U (2) with 3 isotropic summands. Consider the 10-
dimensional flag manifold FGα2 = G2/U (2), where α2 is the long root of G2. The Euler
characteristic of this manifold is χ(FGα2 )= 12/2= 6.
The flag manifold Gα2 =G2/U (2) is defined using the set of simple roots Θ=Σ− {α2}
and has 3 isotropy summandsm1,m2 andm3 given by
m1 =R
+(α2,1)= {α1+α2,α2},
m2 =R
+(α2,2)= {α1+2α2},
m3 =R
+(α2,3)= {α1+3α2,2α1+3α2}.
According to proposition 3.5 the flag manifold FGα2 admits 4 invariant almost complex
structures, up to conjugation:
J1 = (+,+,+) J3 = (−,+,−)
J2 = (−,+,+) J4 = (+,+,−).
By lemma 3.6, only J1 is integrable.
The cohomology ring of FGα2 is given by
H∗(FGα2 ,R)=
R[x, y,z]
〈s1, s2, s3〉
,
where s1 = x+ y + z, s2 = x
2+ y2+ z2 and s3 = x
6+ y6+ z6.
Therefore the top Chern class is given by: c5(FGα2 )=−6z
5.
The Chern numbers of the almost complex manifolds (FGα2 , Ji ), i = 1,2,3,4, are given
in the table 10.
TABLE 10. Chern numbers ofG2/U (2) with 3 isotropic summands
(+,+,+) (−,+,+) (−,+,−) (+,+,−)
c5 -6 -6 -6 -6
c51 -6250 -486 +486 2
c31c2 -2750 -162 +162 -2
c21c3 -650 -9 -9 -2
c1c4 -90 -18 -18 6
c1c
2
2 -1210 -54 +54 2
c2c3 -286 -6 -6 2
According to theHirzebruch-Riemann-RochTheorem theChernnumbers of (FGα2 , J1)
must satisfy the following relations:
1440=−c1c4+c
2
1c3+3c1c
2
2 −c
3
1c2.
Analysing the table 10 we have the following result:
Proposition 8.10. The generalized flag manifold FGα2 = G2/U (2) admits at least 3 in-
variant almost complex structures, up to conjugation and equivalence.
8.4.3. The flagmanifold FGα1 =G2/U (2)with 2 isotropic summands. Analogously to the
previous section, consider the 10-dimensional flag manifold FGα1 =G2/U (2) with Euler
characteristic χ(FGα1 )= 12/2= 6.
The flag manifold Gα1 =G2/U (2) is defined using the set of simple roots Θ=Σ− {α1}
and has 2 isotropy summandsm1 andm2 given by
m1 = R
+(α1,1)= {α1,α1+α2,α1+2α2,α1+3α2},
m2 = R
+(α1,2)= {2α1+3α2}.
Therefore FGα1 admits 2 invariant almost complex structures, up to conjugation:
J1 = (+,+) and J2 = (+,−).
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The cohomology ring of FGα1 is given by
H∗(FGα1 ,R)=
R[x, y,z]
〈s1, s2, s3〉
,
where s1 = x+ y + z, s2 = x
2+ y2+ z2 and s3 = x
6+ y6+ z6.
The Chern numbers of the almost complex manifolds (FGα1 , J1) and (FGα1 , J2) are
given in the table 11.
TABLE 11. Chern numbers ofG2/U (2) with 2 isotropy summands
(+,+) (+,−)
c5 6 -6
c51 4374 9
c31c2 2106 3
c21c3 594 -9
c1c4 90 -9
c1c
2
2 1014 1
c2c3 286 -9
According the Hirzebruch-Riemann-Roch Theorem the Chern numbers must satisfy
the following relations:
1440=−c1c4+c
2
1c3+3c1c
2
2 −c
3
1c2.
Therefore we have the following result
Proposition 8.11. The generalized flag manifold G2/U (2) with two isotropy summands
has 2 invariant almost complex structures, up to conjugation and equivalence. One of
these invariant almost complex structure is integrable.
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